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THE DEFINABILITY CRITERIONS FOR CONVEX
PROJECTIVE POLYHEDRAL REFLECTION GROUPS
KANGHYUN CHOI AND SUHYOUNG CHOI
Abstract. Following Vinberg, we find the criterions for a sub-
group generated by reflections Γ ⊂ SL±(n + 1,R) and its finite-
index subgroups to be definable over A where A is an integrally
closed Noetherian ring in the field R. We apply the criterions
for groups generated by reflections that act cocompactly on ir-
reducible properly convex open subdomains of the n-dimensional
projective sphere. This gives a method for constructing injective
group homomorphisms from such Coxeter groups to SL±(n+1,Z).
Finally we provide some examples of SL±(n+1,Z)-representations
of such Coxeter groups. In particular, we consider simplicial re-
flection groups that are isomorphic to hyperbolic simplicial groups
and classify all the conjugacy classes of the reflection subgroups
in SL±(n + 1,R) that are definable over Z. These were known by
Goldman, Benoist, and so on previously.
Contents
1. Introduction 2
2. Real projective orbifolds 6
2.1. Orbifolds 6
2.2. Real projective orbifolds 7
2.3. The Zariski density theorem of Benoist 8
3. Polyhedral projective reflection groups 9
3.1. The Vinberg Condition 9
3.2. Coxeter orbifolds 10
4. The results of Vinberg on rings of definitions 12
5. The definability results 13
5.1. The definability under assumptions 14
Date: November 20, 2018.
2010 Mathematics Subject Classification. 57M50 (primary) 06B15, 20F55
(secondary).
Key words and phrases. Coxeter groups, Group generated by reflections, Ring
of definition, Real projective structure, Orbifolds.
Both authors were supported by Mid-career Researcher Program through NRF
grant (2011-0027600) funded by the MEST.
1
ar
X
iv
:1
20
6.
23
87
v3
  [
ma
th.
GT
]  
14
 O
ct 
20
13
2 KANGHYUN CHOI AND SUHYOUNG CHOI
5.2. The definability for groups generated by reflections 16
5.3. The definability for groups generated by finite-order
elements 16
6. Examples 18
6.1. A preliminary lemma 18
6.2. Orbifolds based on simplices 19
6.3. Cubical orbifolds 26
6.4. The prismatic orbifolds of Benoist 28
References 29
1. Introduction
Let F be a field of characteristic 0 and let V be an (n+1)-dimensional
vector space over F. We define
SL±(n+ 1,F) := {A ∈ GL(n+ 1,F)| detA = ±1}
as the group of linear automorphisms of V whose determinants are
either 1 or −1. A reflection σ is an element of order 2 of SL±(n+ 1,F)
which is the identity on a hyperplane. Every reflection σ acts on V by
σα,~v : ~x→ ~x− α(~x)~v.
Namely, all reflections are of the form σ := σα,~v := I − α⊗ ~v for some
α ∈ V ∗ and ~v ∈ V with α(~v) = 2. A reflection itself is determined up
to an automorphism
(1) ~v → c~v, α→ c−1α for c 6= 0.
Let Γ be the group generated by reflections σi = σαi,~vi , i ∈ N. We
set ci,j = αi(~vj) and call the matrix C = (ci,j) the Cartan matrix
of Γ. The Cartan matrix is determined by Γ up to conjugations by
positive diagonal matrices by the above ambiguity. Products of the
form ci1i2ci2i3 ...ciki1 are called cyclic products. A cyclic product is called
simple if all its indices i1, ..., ik are distinct. It is clear that every cyclic
product is a product of simple ones and are invariants of the Cartan
matrix under the conjugations by the positive diagonal matrices.
Let O denote the origin in Rn+1 from now on. Let Sn be the n-
dimensional real projective sphere, i.e. the quotient space (Rn+1 −
{O})/ ∼ where ∼ is the equivalence relation given by ~v ∼ ~w if and only
if ~v = r ~w for a positive real number r. The elements of SL±(n+1,R) re-
strict to automorphisms of Sn, which are the projective automorphisms.
Then we can identify SL±(n+ 1,R) with the group of projective auto-
morphisms of Sn. Denote by Π : Rn+1−{O} → Sn the quotient map. A
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projective reflection is the induced projective automorphism Sn induced
by a reflection. (Sometimes, we will drop the adjective “projective".)
A cone in Rn+1 is a subset C of Rn+1−{O} so that v ∈ C iff sv ∈ C
for s > 0. A polyhedral cone is a cone with nonempty interior bounded
by finitely many hyperplanes. Let P ⊂ Sn be an n-dimensional convex
polytope, the image under Π(C) in Sn of a convex closed polyhedral
cone C of Rn+1 − {O} with nonempty interior.
Vinberg [31] initiated a ground-breaking study to construct injec-
tive homomorphisms from a Coxeter group that is based on an n-
dimensional polytope to SL±(n+1,R): the group generated by projec-
tive reflections by sides of an n-dimensional polytope in Sn. The prop-
erties of the corresponding representation spaces are recently studied
by Benoist([2], [3], [4], [5]), Choi([10]), and Marquis([25]). See Propo-
sition 6.2 and Figures 1 – 4 in Section 6 for the parametrized subspaces
in the case of triangular reflection groups.
For projective geometry, one normally works with the projective lin-
ear group PGL(n+ 1,R) acting on the real projective space RP n. We
work with SL±(n+ 1,R) as this is a more standard Lie group to study
the arithmetic questions. (See some discussion at Chapter 3 of [8],
Section 2 of [15] and [16].)
A great circle in Sn is the image Π(V − {O}) of a two-dimensional
subspace V in Rn+1. A segment is a proper connected subset of a great
circle. A convex segment is one that does not contain an antipodal pair
of points except at the end points. A closed hemisphere is the image
Π(H − {O}) where H is a subset of Rn+1 given by a linear inequality
f(~v) ≥ 0. A hypersphere is the image of Π(W −{O}) for a subspace W
of Rn+1. An open hemisphere is the interior of a closed hemisphere. A
convex subset of Sn is a set such that any pair of its point is connected
by a convex segment. A convex subset is either Sn itself or a subset of
a closed hemisphere given by a linear inequality. (See Proposition 2.3
of [8].) A properly convex subset is a convex subset whose closure does
not contain a pair of antipodal points. It is a precompact subset of
an open hemisphere H. (See Proposition 2.4 of [8].) We will require a
convex polytope to be properly convex always in this paper. A properly
convex domain is strictly convex if the boundary contains no nontrivial
segment.
Let Ω be a properly convex open domain in Sn and Γ is a discrete
subgroup of SL±(n+1,R) acting on Ω properly discontinuously. When
the properly convex projective orbifold Q = Ω/Γ is compact and Haus-
dorff, we say that Γ divides Ω. A group Γ ⊂ SL±(n + 1,R) generated
by projective reflections that divides a properly convex open domain
Ω in Sn is called a dividing projective reflection group. In this case,
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there exists a (properly) convex polytope P so that Γ is generated by
projective reflections fixing sides of P . Hence, Γ is called a dividing
polyhedral projective reflection group.
Let O+(1, n) denote the subgroup of SL±(n + 1,R) preserving the
quadratic form
q(x0, x1, . . . , xn) := x
2
0 − x21 − · · · − x2n
on Rn+1 with coordinates x0, x1, . . . , xn and preserving the positive
cone of q > 0. The positive standard cone C given by q > 0, x0 > 0
is projected to the interior B of a conic. B is called the standard
ball in Sn. This forms a Klein model of a hyperbolic n-space as B
admits a complete hyperbolic metric that is invariant under the action
of O+(1, n). For any a cocompact lattice Γ in O+(1, n), B/Γ is compact
Hausdorff, and Γ is an example of a dividing polyhedral projective
reflection group.
There are numerous examples of dividing polyhedral projective re-
flection groups that are not in O+(1, n) obtained by Benoist [5], Choi
[9], and Marquis [25]. (See also [13] and [14].)
Let ∆ be a family of linear automorphisms of V . A ring A in F
is called a ring of definition for ∆ if V contains an A-lattice that is
invariant under ∆. In that case we also say that ∆ is definable over
A. If A is a principal ideal domain, then ∆ is definable over A if and
only if there is a basis in which the automorphisms of ∆ can be written
down by matrices with elements in A. Our first main result is Theorem
1.1 following from Theorem 5.4 in Section 5. This generalizes Theorem
5 of Vinberg [32] for the case of subgroups of O+(1, n). (See also [30].)
Theorem 1.1. Suppose that n ≥ 2 is an integer. Let Γ ⊂ SL±(n+1,R)
be a polyhedral projective reflection group dividing a strictly convex open
domain Ω. Let ∆ be any subgroup of finite index in Γ. Then the
following properties of an integrally closed Noetherian ring A ⊂ R are
equivalent.
(a) Γ is definable over A.
(a′) A contains all the simple cyclic products of the Cartan matrix
of Γ.
(b) ∆ is definable over A.
The equivalence of (a) and (a′) is shown by Vinberg [32], thanks to
the Zariski density theorem of Benoist [1]. Kac and Vinberg were first
to find examples of triangular projective reflection groups in SL±(3,Z)
( [21]). Our main result is their equivalence to (b).
See Section 6 and Proposition 6.2 for concrete examples of such group
actions. For “irreducible domain” see Subsection 2.2 or Benoist [3]. A
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strictly convex open domain is an irreducible domain. Let Γ be as in the
premise of the above theorem. According to Vey [29], Γ is necessarily
strongly irreducible, i.e., a finite index subgroup of the linear group Γ
are irreducible since Ω is strictly convex and hence is irreducible. (See
Theorem 1.1 of [3].) Conversely, if Γ is not a product group virtually
or if Γ is strongly irreducible, then Ω has to be irreducible also.
Our strategy to prove Theorem 1.1 is to prove that the theorem holds
for F-Zariski-dense projective reflection groups in SL±(n+1,F) where F
is an algebraically closed field of characteristic 0; i.e., Theorem 5.4. In
the proof, we use the Vinberg theory on rings of definitions of subgroups
of linear algebraic groups. In particular, we made a use of the fact that
if ∆ is definable over A then Ad(Γ) is definable over A . Along the
theory of Vinberg, Lemma 5.2 is essential for the proof. Theorem 5.4,
the result of Vinberg for orthogonal groups, and the Zariski density
theorem of Benoist (Theorem 2.1) imply Theorem 1.1.
The equivalence of (a) and (b) in Theorem 1.1 can be proved for sub-
groups generated by finitely many elements if we add mild conditions
on generators. These results are Theorem 5.1 which we state here.
Theorem 1.2. Suppose n ≥ 2 is an integer, and let F be an al-
gebraically closed field of characteristic 0. Let Γ ⊂ SL±(n + 1,F)
be an F-Zariski-dense subgroup generated by finitely many elements
{σ1, . . . , σm}. Let ∆ be any subgroup of finite index in Γ. Let A be
an integrally closed Noetherian ring in F, and let K be the field of frac-
tions of A. Suppose that for each σi in {σ1, . . . , σm} satisfies either one
of the two following conditions:
• trσi 6= 0 and trσi ∈ K or
• The order of σi is finite and relatively prime to n+ 1.
Then the following are equivalent.
(a) Γ is definable over A.
(b) ∆ is definable over A.
Note that different σis can satisfy different conditions. We are unable
to determine yet if we can drop the conditions entirely.
Section 2 reviews basic definitions of real projective orbifolds and
states the Zariski density theorem of Benoist, i.e., Theorem 1.3 of [1].
Section 3 is a review of the the Vinberg theory of polyhedral projective
reflection groups. Section 4 is that of the theory of rings of definition of
Zariski-dense subgroups of semisimple linear algebraic groups. Section
5 states and proves our main results. Finally, in Section 6 we apply our
main results of the paper to some dividing polyhedral reflection groups
to determine if they are definable over Z. In particular, we will consider
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dividing projective simplicial reflection groups that are isomorphic to
hyperbolic simplicial groups and classify all the conjugacy classes of
projective reflection groups that are definable over Z, an unpublished
work of Goldman. (See Proposition 6.2, 6.5, and 6.6.) Our examples of
dividing polyhedral projective reflection groups that are definable over
Z include some triangular, tetrahedral, and cubical reflection groups.
Our results are also applicable to many hyperbolic Coxeter orbifolds
including orderable ones [10] (see [25]).
We thank William Goldman for introducing us to this theory. In
fact, he has found some of these examples himself. We thank Alan Reid
and Dave Witte Morris for giving us many informations on arithmetic
groups, and Gye-Seon Lee for helpful discussions and for letting us use
his graphics of a cube and a prism. We also thank Ja Kyung Koo
and his students for having joint seminars on arithmetic hyperbolic
geometry which helped us much.
2. Real projective orbifolds
2.1. Orbifolds. Given two manifolds M1 and M2 with groups G1 and
G2 acting on them respectively, a map f : M1 → M2 is equivariant
with respect to a homomorphism h : G1 → G2 if h(g) ◦ f = f ◦ g holds
for each g ∈ G1.
We will be using the language of orbifolds for later purposes. An n-
dimensional orbifold structure on a second countable Hausdorff space
X is given by atlas of compatible charts (U,G, φ) where U is an open
subset of Rn, G is a finite group acting on U , and φ : U → V induces
a homeomorphism U/G→ V for an open subset V of X. We say that
φ(U) is modeled on (U,G) or (U,G, φ) also. Two charts (U,G, φ) and
(U ′, G′, φ′) are compatible if given any point p ∈ φ(U) ∩ φ(U ′), there
is a chart (U ′′, G′′, φ′′) so that φ′′(U ′′) is an open neighborhood of p in
φ(U) ∩ φ(U ′) where there are smooth lifting embeddings φ˜′′1 : U ′′ → U
equivariant with respect to an injective homomorphism G′′ → G and
φ˜′′2 : U
′′ → U ′ equivariant with respect to one G′′ → G′.
Here, X with an orbifold structure is said to be an orbifold and X
is said to be the underlying space of the orbifold.
Given a manifold M and a discrete group Γ acting on M properly
discontinuously and but not necessarily freely, we can form M/Γ as a
quotient space. M/Γ has a natural orbifold structure given by covering
M by open sets U so that if g(U)∩U 6= ∅, then g(U) = U . The orbifold
structure is given by the collection of every (U,G, φ) where G is the
finite subgroup of Γ acting on a Euclidean open set U of M .
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Since the orbifolds we study here admit real projective structures,
they are of the form M/Γ for a manifold M and a discrete group Γ
acting onM properly discontinuously and but not necessarily freely by
Thurston [26] as these are “good orbifolds". (See Theorem 6.1.1 of [11].)
Two such orbifolds M/Γ and N/∆ for simply connected manifolds M
and N with discrete groups Γ and ∆ acting properly discontinuously
are diffeomorphic if there is a diffeomorphism f : M → N equivariant
with respect to an isomorphism h : Γ → ∆. The fundamental group
pi1(Q) is the abstract group which is isomorphic to Γ whenever M is
simply connected. IfM is simply connected,M is said to be a universal
cover of M/Γ. (For the general definition of orbifolds and geometric
structures on it, we refer to [9] and [11].)
2.2. Real projective orbifolds. Let n ≥ 2 and V be an n-dimensional
real vector space Rn+1. We identify
SL±(n+ 1,R) := {A ∈ GL(n+ 1,R)| detA = ±1}
with the group of projective automorphisms of Sn. Recall that a sub-
domain Ω of Sn is properly convex if it is convex and its closure Ω does
not contain two antipodal points. Ω is strictly convex if furthermore
its boundary ∂Ω does not contain any line segment of positive length.
A strictly convex domain is properly convex.
A properly convex projective orbifold, Q, is of the form Ω/Γ where Ω
is a properly convex open domain in Sn and Γ is a discrete subgroup of
SL±(n+ 1,R) acting on Ω properly discontinuously. A properly convex
projective structure on an orbifold M is a diffeomorphism f : M → Q
for Q as above.
The two properly convex projective orbifolds Q1 = Ω1/Γ1 and Q2 =
Ω2/Γ2 are projectively diffeomorphic if there exists a projective auto-
morphism h ∈ SL±(n+ 1,R) such that h(Ω1) = Ω2 and hΓ1h−1 = Γ2.
Given a properly convex projective structure on an orbifold M , we
obtain a homomorphism h : pi1(M)→ SL±(n+1,R), called a holonomy
homomorphism determined up to conjugation by SL±(n + 1,R): Let
Ω/Γ be a properly convex projective orbifold and f : M → Ω/Γ be a
projective diffeomorphism. Then let f∗ : pi1(M) → Γ be the induced
homomorphism. Also f∗ considered as a map pi1(M)→ SL±(n+ 1,R)
is the holonomy homomorphism. The image of the holonomy homo-
morphism is called the holonomy group of M or pi1(M).
The usual definition of a properly convex real projective orbifold as
in [20] or [10] is equivalent to this. (See Section 3.4 of [27] or Section
2.2 of [10] for discussions.)
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Any open domain Ω in Sn is the image of the unique convex open
cone C in V under the projection map. The open convex cone C in
V − {O} is said to be reducible if it can be written as the sum
C = C1 ⊕ C2 := {v + w|v ∈ C1, w ∈ C2}
of two convex cones Ci in proper subspaces Vi of V where V is a direct
sum V1 ⊕ V2. A properly convex open domain Ω in Sn is said to be
reducible if its preimage C is reducible. Otherwise we say that Ω is
irreducible. A strictly convex domain is irreducible since a reducible
domain always have a nontrivial segment in the boundary.
Let x0, x1, . . . , xn denote the set of standard coordinates of the vector
space Rn+1. The hyperbolic n-space Hn = B ⊂ Sn is defined as the
image Π(Λn+1) of the positive Lorentz cone
Λn+1 := {x ∈ Rn+1|q(x) > 0 and x1 > 0}
where q(x) = x20 − x21 − · · · − x2n holds. The group of projective auto-
morphisms of Hn is the group
Aut(Hn) = O+(1, n) ⊂ SL±(n+ 1,R)
of orthogonal transformations of q which preserve Hn. If there exists a
discrete subgroup Γ of O+(1, n) which preserves Hn, we call the quo-
tient projective orbifold Hn/Γ a hyperbolic orbifold. Note that Hn is
an example of an irreducible strictly convex open domain in Sn.
2.3. The Zariski density theorem of Benoist. Now we state our
version of the theorem which follows directly from the version of Cooper
and Delp. (Corollary 4.2 of [16])
Theorem 2.1 (Theorem 1.3 [1]). Let Γ be a discrete subgroup of
SL±(n+ 1,R) which divides an irreducible strictly convex open domain
Ω in Sn. The Zariski closure Γ over R is either O+(1, n) or SO+(1, n)
iff Ω is Hn. Otherwise Γ is either SL±(n+ 1,R) or SL(n+ 1,R).
Proof. Let P : Sn → RP n denote the double covering map. If a discrete
subgroup Γ of SL±(n+1,R) divides an irreducible strictly convex open
domain Ω in Sn, then Γ divides P (Ω) in RP n. Now the result follows
from Corollary 4.2 of [16]. 
A group Γ of SL±(n + 1,R) is said to be irreducible if there are
no Γ-invariant nontrivial subspaces in Rn+1, and is said to be strongly
irreducible if the finite-index subgroups are irreducible.
Definition 2.2. A discrete subgroup of SL±(n + 1,R) which divides
an irreducible properly convex open domain Ω in Sn is said to be an
irreducible dividing group.
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Of course this group is a strongly irreducible linear subgroup of
SL±(n+ 1,R) by the Vey irreducibility theorem (Theorem 5.1 of [6]).
3. Polyhedral projective reflection groups
3.1. The Vinberg Condition. A rotation g is an element of SL±(n+
1,R) that fixes all points of a codimension-two subspaceW in Rn+1 and
can be written an orthogonal transformation of the form(
cos θ sin θ
− sin θ cos θ
)
, 0 < θ ≤ pi
with respect to a basis in the complement W ′. We say that g is a
rotation about the subspace Π(W − {O}) of angle θ.
A k-face of a convex polytope P is a k-dimensional convex subset
of P obtained as an intersection of P with some hyperspheres which
do not meet the interior P o. A face is an (n − 1)-face. A projective
reflection is a reflection defined in n-dimensional real vector space, i.e.
a reflection in SL±(n + 1,R). Let S be the set of faces of P and for
every s in S, we can associate a projective reflection σs = I − αs ⊗ ~vs
with αs(~vs) = 2 which fixes s. A suitable choice of signs allows us to
suppose that P is defined by the inequalities
αs ≤ 0 for s ∈ S.
Let Γ be the group generated by the reflections {σs|s ∈ S}. The
following theorem of Vinberg [31] provides a necessary and sufficient
condition for such a group Γ to act on a convex subdomain of Sn. Let
cs,t := αs(~vt) for s, t ∈ S.
• cs,tct,s = 4 cos2( pims,t ) for an integer ms,t ≥ 3 is the condition
that {σs, σt} generate a dihedral group of order 2ms,t acting on
Sn discretely fixing a codimension-two subspace and
• cs,t = 0, ct,s = 0 are the condition that {σs, σt} generate a
dihedral group of order 4 acting on Sn fixing all points of a
codimension-two subspace similarly.
Two faces of P are adjacent if they meet at a codimension-two side
in P . A codimension-two side u have the edge order or order assigned
to be ms,t if the faces s and t meet at u
Theorem 3.1 (Vinberg). Let P be a convex compact polytope of Sn
and, for each face s of P , let σs = I −αs⊗~vs be a projective reflection
fixing this face s. Let Γ be the group generated by the reflections σs.
Then the following conditions for every pair of faces (s, t) are necessary
and sufficient condition for Γ to act on some convex subdomain Ω of
Sn with the fundamental domain P
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(L1) cs,t ≤ 0
(L2(i)) cs,tct,s ≥ 4 if s and t not adjacent; or
(L2(ii)) cs,t,ct,s = 4 cos2( pims,t ) with an integer ms,t ≥ 2 or
cs,t = 0⇔ ct,s = 0
if s and t are adjacent.
Moreover Γ is discrete. The convex domain Ω is open if and only if
for every x in P , the group Γx generated by σs for s containing x is
a finite group. In this case, Γ acts on Ω properly discontinuously with
the compact quotient.
Proof. Proposition 17 of [31] gives the necessity of the condition (L1)
and (L2).
Given (L1) and (L2), Theorem 1 and Proposition 6 and of [31] show
that Γ preserves some convex subdomain Ω of Sn with the fundamental
domain P . 
We will call the group generated by projective reflections fixing sides
of some n-dimensional convex polytope P of Sn the polyhedral projective
reflection group. Any polyhedral projective reflection group has the
presentation
〈si|(sisj)nij = 1〉, nij ∈ N, i, j = 1, . . . , n,
where nij is defined for a subset of {1, . . . , n}2 and nij is symmetric in
i, j and nii = 2. An abstract group which has the above presentation
is called a Coxeter group with n generators.
3.2. Coxeter orbifolds. A reflection in an open subset U of Rn is
a transformation U → U of order two fixing a hyperspace in it. An
n-dimensional Coxeter orbifold structure on an n-dimensional convex
polytope P is an orbifold structure on P where
• each point of the interior of each face has a chart modeled on
an open subset in Rn with a reflection acting on it and
• each point of the interior of each side of codimension 2 has a
chart modeled on an open subset of Rn with a dihedral group
generated by reflections.
The convex polytope P with the Coxeter orbifold structure is denoted
by Pˆ and is said to be an n-dimensional Coxeter orbifold (more pre-
cisely a Coxeter orbifold of type III in [18]).
In our cases, Pˆ = M/Γ for a simply-connected manifold M and Γ is
a discrete group acting properly discontinuously since Pˆ admits a real
projective structure. (See [9] for details.)
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If M is a convex domain in Sn on which a polyhedral projective
reflection group Γ acts cocompactly and properly discontinuously, we
say that Γ is a convex projective reflection group. In this case, the
orbifold M/Γ has a convex projective structure. If Γ acts on the convex
domain Hn, then Γ is a hyperbolic reflection group. In the later case,
M/Γ has a hyperbolic structure.
Proposition 3.2. • Given two n-dimensional compact Coxeter
orbifolds M1 and M2, M1 is diffeomorphic to M2 if and only if
pi1(M1) is isomorphic to pi1(M2). (Davis) .
• A discrete group Γ ⊂ SL±(n + 1,R) generated by projective
reflections divides a properly convex domain Ω in Sn if and only
if it is a holonomy homomorphism of a compact properly convex
projective Coxeter orbifold M1.
• Let M1 be a compact Coxeter orbifold. The set of holonomy
homomorphisms of properly convex real projective structures
M1 is identical with the set of homomorphisms of pi1(M1) →
SL±(n+ 1,R) dividing properly convex domains.
• The one-to-one correspondence also exists if we take quotients
of both sets by the conjugation action by SL±(n,R).
Proof. Let P1 and P2 be the convex polytopes that are the respective
underlying spaces of M1 and M2. By Example 7.14 of [17], pi1(M1) and
pi1(M2) are geometric reflection groups. The Coxeter systems of geo-
metric reflections groups are of type PMn in the terminology of Davis
by Corollary 8.2.10 of [17]. (See Section 13.3 of [17] for the definition
of the Coxeter systems of type PMn. In brief, this means that the
Coxeter system has the nerve of a pseudo-manifold. A geometric re-
flection group based on a convex polytope is clearly so since ∂P is a
topological manifold.) Then the Coxeter systems give complete com-
binatorial data of the faces of P1 and P2 and the intersection pattern.
If pi1(M1) is isomorphic to pi1(M2) and these have Coxeter systems of
type PMn, then the combinatorial data of the faces of P1 and P2 are
identical by Theorem 13.4.1 of [17]. Hence, there exists a homeomor-
phism P1 → P2 preserving the combinatorics. By Corollary 1.3 of [18],
we obtain a diffeomorphism M1 →M2.
For the second item, the compact orbifold Ω/Γ has the fundamental
group isomorphic to Γ isomorphic to pi1(Ω/Γ). Let k : pi1(Ω/Γ) → Γ
be the identity map. Therefore, k is a holonomy homomorphism of a
properly convex projective structure on Ω/Γ.
Conversely, if k is a holonomy homomorphism of such a structure on
M1, then k(pi1(M1)) acts on a properly convex domain Ω corresponding
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to the universal cover of M1 so that Ω/Γ is projectively diffeomorphic
to M1.
The remaining two items are consequences of the first two items. 
4. The results of Vinberg on rings of definitions
In this section we state main results of Vinberg [32] regarding rings
of definition of Zariski-dense subgroups of semisimple linear algebraic
groups. Our main result in the next section is heavily based on the
Vinberg theory.
Let V be a (n + 1)-dimensional vector space over field F and A be
a subring of F. A set L in V is called an A-lattice if it is a finitely
generated A-submodule and the natural map F
⊗
A L → V is an iso-
morphism. If A is a principal ideal domain, then every A-lattice has a
basis which at the same time is a basis of V over F. If K is a subfield
of F, then a K-lattice is just an (n + 1)-dimensional vector space over
K.
Let ∆ be a family of linear transformations of V . An integrally closed
Noetherian ring A in F is called a ring of definition for ∆ if V contains
an A-lattice that is invariant under ∆. In that case we also say that
∆ is definable over A. If A is a principal ideal domain, then the fact
that ∆ is definable over A means that there is a basis in which the
transformations of ∆ can be written down by matrices with elements
in A. If ∆ is definable over A and B is a ring that contains A, then ∆
is also definable over B.
Now we assume that F is an algebraically closed field of character-
istic 0, G a semisimple algebraic group over F in GL(n + 1,F) and Γ
a subgroup Zariski-dense in G over F. Let Ad be the adjoint represen-
tation of G. Then Ad is a map from G to the automorphism group of
its Lie algebra g. For any matrix group H, let trH be the set of traces
{trh|h ∈ H}.
Proposition 4.1 (Theorem 1 of [32]). An integrally closed Noetherian
ring A in F is a ring of definition for Ad(Γ) if and only if A ⊃ trAd(g)
for all g ∈ Γ.
Corollary 4.2 (Corollary to Theorem 1 of [32]). There exists a small-
est field of definition for the group Ad(Γ). If this field is an algebraic
number field, then there exists a smallest ring of definition for Ad(Γ).
Proposition 4.3 (Theorem 2 of [32]). Let A be an integrally closed
Noetherian ring in F and K its field of fractions. Then Γ is definable
over A if and only if it is definable over K and Ad(Γ) is definable over
A.
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Proposition 4.4 (Theorem 3 of [32]). Let Γ1 be a finite index subgroup
of Γ. Then the classes of rings of definition for Ad(Γ1) and Ad(Γ) are
identical.
Let V be an (n+ 1)-dimensional vector space over a (not necessarily
algebraically closed) field F and V ∗ it dual. Let Γ be a group gener-
ated by reflections. We denote by Z[trΓ] the ring with a unit element
generated by the set trΓ in F.
Proposition 4.5 (Lemma 11 of [32]). Z[trΓ] is the ring with a unit
element generated by the simple cyclic products.
A group H in SL±(n + 1,F) is absolutely irreducible if if it is irre-
ducible as a matrix group in SL±(n + 1, F¯) where F¯ is the algebraic
closure of F.
Proposition 4.6 (Lemma 12 of [32]). Suppose that the characteristic
of the field F is 0 and Γ is absolutely irreducible. An integrally closed
Noetherian ring A in F is a ring of definition for Γ if and only if A
contains Z[trΓ].
Suppose that a nondegenerate scalar product (, ) is defined in V .
The group of automorphisms of V that preserve this scalar product (, )
is denoted by O(V ) and its unimodular subgroup by SO(V ).
Proposition 4.7 (Theorem 5 of [32]). Suppose n ≥ 3, and let F be
an algebraically closed field of characteristic 0. Let Γ ⊂ O(V ) be a
subgroup generated by reflections Zariski-dense over F. Let ∆ be any
subgroup of finite index in Γ. Then the following properties of an inte-
grally closed Noetherian ring A ⊂ F are equivalent.
(a) Γ is definable over A.
(a′) A contains all the simple cyclic products of the Cartan matrix
of Γ.
(b) ∆ is definable over A.
(c) Ad(∆) is definable over A.
(d) Ad(Γ) is definable over A.
5. The definability results
We will prove Theorem 1.1 in this section. Throughout this section,
let F be an algebraically closed field of characteristic 0. To prove The-
orem 1.1, we prove that the similar result holds for finitely generated
groups if we add some conditions.
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5.1. The definability under assumptions.
Theorem 5.1. Suppose n ≥ 2 is an integer, and let F be an alge-
braically closed field of characteristic 0. Let Γ ⊂ SL±(n + 1,F) be
a F-Zariski-dense subgroup generated by finitely many elements σi for
i = 1, · · ·,m. Let ∆ be any subgroup of finite index in Γ. Let A be an
integrally closed Noetherian ring in F, and let K be the field of frac-
tions of A. Suppose that for each i = 1, · · ·,m, σi satisfies one of the
following conditions :
(a) trσi ∈ K, trσi 6= 0.
(b) The order of σi is finite and relatively prime to n+ 1.
Then the following properties are equivalent.
(D1) Γ is definable over A.
(D2) ∆ is definable over A.
We consider the Lie algebra sln+1 (R) as a subalgebra of the matrix
algebra Mn+1 (R) which is realized from the decomposition
Mn+1 (R) = sln+1 (R) + R · In+1
where In+1 is the (n+1)×(n+1) identity matrix. We need the following
lemma of Grinberg [19] with his proof.
Lemma 5.2. Let L be a field of characteristic 0, and K be a subfield
of L. Let n ∈ N. Let U ∈ GL(n,L) be such that every V ∈ sln+1 (K)
satisfies UV U−1 ∈Mn+1 (K). Then, there exists a nonzero λ ∈ L such
that λU ∈ GL(n,K).
Proof. Since K has characteristic 0, we have Mn+1 (K) = sln+1 (K) +
K · In+1. We obtain
(M) every V ∈Mn+1 (K) satisfies UV U−1 ∈Mn+1 (K).
Now, consider the map r :Mn+1 (K)→Mn+1 (K) which maps every
V to UV U−1. This r is well-defined due to (M), and is a K-algebra
isomorphism; hence, r is a K-algebra automorphism of Mn+1 (K). By
the Skolem-Noether theorem, there exists some P ∈ GL(n,K) such that
every V ∈Mn+1 (K) satisfies r (V ) = PV P−1. So every V ∈Mn+1 (K)
satisfies
PV P−1 = r (V ) = UV U−1.
We rewrite this as U−1PV (U−1P )−1 = V . In other words, we have
U−1PV = V U−1P . Since this holds for all V ∈Mn+1 (K), it must also
hold for all V ∈ Mn+1 (L) (because it is a linear equation in V , so it
is enough to check it on an L-basis of Mn+1 (L), but such a basis can
be chosen to be in Mn+1 (K)). In other words, the matrix U−1P is in
the center of Mn+1 (L). However, this center is known to be L · In+1.
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Thus, we obtain U−1P ∈ L · In+1. In other words, there exists some
λ ∈ L such that U−1P = λIn+1. This λ is nonzero (else, P would be
0, contradicting P ∈ GL(n,K)), so this becomes P = λU . Hence, we
obtain λU = P ∈ GL(n,K). (See also Theorem 4 of [32] for similar
ideas.) 
Lemma 5.3. (D2) implies that Γ is definable over K.
Proof. Assume (D2). Then there exists an invertible linear map g from
Fn+1 to Fn+1 such that Kn+1 is an invariant K-form under g∆g−1. Then
the set
sln+1 (K) = {x ∈ sln+1 (F) |x ∈ EndKn+1}
is a K-form of sln+1 (F) invariant under Ad(g∆g−1). By the proof of
Theorem 3 of [32], sln+1 (K) is also invariant under Ad(gΓg−1). For a
linear transformation y from Fn+1 to Fn+1, let yˆ denote the matrix of
y with respect to the standard basis of Fn+1. Then since sln+1 (K) is
invariant under Ad(gΓg−1), we obtain
gˆσˆigˆ
−1xgˆσˆi ˆg−1 ∈Mn+1 (K) for every x ∈ sln+1 (K) .
By Lemma 5.2, there exists a nonzero λi ∈ F such that λigˆσˆigˆ−1 is in
GL(n+ 1,K) so that
(I) det(λigˆσˆigˆ−1) = ±λn+1i ∈ K
and
(II) trλigˆσˆigˆ−1 = λitrσi ∈ K.
If σi is of finite order li, we obtain
(III) (λigˆσˆigˆ−1)li = λlii In+1 = In+1 and hence λ
li
i ∈ K.
Suppose that σi satisfies condition (a). From (II) and that trσi is in
K and is invertible, we conclude that λi is in K. Since λigˆσˆigˆ−1 is in
GL(n+ 1,K), we conclude that
gˆσˆigˆ
−1 ∈ SL±(n+ 1,K).
Suppose that σi satisfies condition (b) and let li be the order of σi
which is relatively prime to n+ 1. Then from (I) and (III) and that li
is relatively prime to n+ 1, we obtain
λi ∈ K and gˆσˆigˆ−1 ∈ SL±(n+ 1,K).
Therefore, Γ is definable over K. 
The proof of Theorem 5.1. The fact that (D1) implies (D2) is obvious.
We consider the statements,
(D3) Ad(∆) is definable over A, and
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(D4) Ad(Γ) is definable over A.
By Proposition 4.3, (D2) implies (D3). By Proposition 4.4, (D3) im-
plies (D4). Then by Proposition 4.3, Lemma 5.3 and (D4) imply
(D1). 
Also, we remark that (D1)–(D4) are equivalent under the assump-
tions.
5.2. The definability for groups generated by reflections.
Theorem 5.4. Suppose n ≥ 2 is an integer. and let F be an alge-
braically closed field of characteristic 0. Let Γ ⊂ SL±(n + 1,F) be a
F-Zariski-dense subgroup generated by finitely many reflections. Let ∆
be any subgroup of finite index in Γ. Then the following are equivalent.
(a) Γ is definable over A.
(a′) A contains all the simple cyclic products of the Cartan matrix
of Γ.
(b) ∆ is definable over A.
Proof. Since Γ is Zariski dense in SL±(n + 1,F), it is absolutely irre-
ducible. By Propositions 4.5 and 4.6, (a) and (a′) are equivalent. Since
the trace of a reflection element in SL±(n + 1,F) is n − 1 6= 0, the
equivalence of (a) and (b) follows from Theorem 5.1. 
The proof of Theorem 1.1. Let Γ be as in the premise of Theorem 1.1.
By Theorem 2.1, the Zariski closure Γ over R is either O+(1, n) or
SL±(n+1,R). The result follows from Theorem 5.4 or Proposition 4.7,
i.e., Theorem 5 of Vinberg [32]. 
5.3. The definability for groups generated by finite-order ele-
ments. Let Aθ be the matrix(
cos θ − sin θ
sin θ cos θ
)
.
Let A[d]θ denote the direct sum of d, d ≥ 1, copies of Aθ. In this section,
we state and prove corollaries of Theorem 5.4 in the case when the
generators are the special type of the following well-known lemma. For
example see [22].
Lemma 5.5. An element g in SL±(n+ 1,R) has a finite order if and
only if g is conjugate to
(2) A[d1]θ1 ⊕ · · · ⊕ A
[dr]
θr
⊕ Ik1 ⊕−Ik2 ,
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where
k1, k2 ≥ 0, r ≥ 0, d1, · · ·, dr ≥ 1, 0 < θ1 < · · · < θr < pi
k1 + k2 + 2(d1 + · · · dr) = n+ 1
hold, and each θi = 2piai/bi with (ai, bi) = 1 is a rational multiple of
2pi Then the order of g is lcm{2, b1 · ··, br} or lcm{b1 · ··, br} according
as k2 > 0 or k2 = 0 respectively.
The conclusion of the following corollary is also true if n = 2 and the
every order bi 6= 3 by the trace condition of Theorem 5.1. However,
this is unclear for the triangle group of orders (3, 3, 4) considered in
[24]. Corollary 5.6 is applicable to the projective group isomorphic to
the fundamental group of the double orbifold of the Coxeter 3-orbifold
based on a complete hyperbolic polytope of all dihedral angles pi/3 or
the double orbifold of a compact Coxeter n-orbifold for n ≥ 4. (See
Chapter 4 of [11] for the definition of doubling and the computing the
fundamental groups.)
Corollary 5.6. Let n ≥ 3. Let Γ ⊂ SL(n + 1,R) be a subgroup gen-
erated by finitely many elements. Suppose that we have a presentation
of Γ so that every generator gi of Γ associated to the presentation is of
finite order bi and gi is conjugate to the type Aθi ⊕ Ik1. Suppose that
bi > 2 when n = 3. Let A be an integrally closed Noetherian ring in R,
and let K be the field of fractions of A. Suppose that the Zariski closure
of Γ over R is SL(n + 1,R). Let ∆ be any subgroup of finite index in
Γ. Then the following are equivalent.
(a) Γ is definable over A.
(b) ∆ is definable over A.
Proof. We claim that Q(trAdgi) = Q(trgi) for each i. By assumption
we have that gi is conjugate to Aθi ⊕ Ik1 where θi = 2aipibi with ai a
positive integer relatively prime to bi. Since some power of Aθi ⊕ Ik1 is
A 2pi
bi
⊕ Ik1 and vice versa, we can assume that θi = 2pibi . We have that
trAdgi = (trgi)
2 − 1 = 4 cos2 2pi
bi
+ 4k1 cos
2pi
bi
+ k21 − 1.
Hence
Q(trgi) = Q(cos θ1)
is at most a degree 2 extension over
Q(trAdgi) = Q
(
cos2
2pi
bi
+ k1 cos
2pi
bi
)
.
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Suppose that Q(trAdgi) 6= Q(trgi). Then Q(trgi) is a degree 2 ex-
tension of Q(trAdgi). Thus there exists a non trivial automorphism
ρ of Q(trgi) which is identity restricted on Q(trAdgi). Namely, there
exists a nontrivial Galois automorphism
ρ ∈ Aut(Q(cos θi)/Q(cos2 θi + k1 cos θi)).
Since cos θi and −k1 − cos θi are two roots of the polynomial
x2 + k1x− (cos2 θi + k1 cos θi),
we have that ρ(cos θi) = −k1−cos θi. However since Q(cos θi) = Q(ζl+
ζ−1l ) where ζl = e
iθi , we have that ρ(cos θi) = cosmθi for some positive
integer m by the cyclotomic field theory over Q.
Note that n ≥ 4 implies k1 ≥ 3 and
(3) | cosmθi| ≤ 1 < | − k1 − cos θi|.
Now we have a contradiction. Also, if n = 3, then k1 = 2. Since θ1 < pi,
we obtain the same contradiction, and this proves the claim.
The claim implies that trgi is in K since Q(trAdΓ) is the smallest
field of definition of AdΓ and the smallest field of definition of AdΓ
is contained in the smallest field of definition of Γ by [32]. Note that
n ≥ 4 or n = 3 with bi 6= 2 for all i implies that trgi is never 0. Hence
the corollary follows from Theorem 5.1. 
6. Examples
6.1. A preliminary lemma. In this section, for a few 2- , 3- and 4-
dimensional Coxeter orbifold Pˆ , we find all or some conjugacy classes
of irreducible dividing polyhedral projective reflection groups that are
definable over Z or some other ring of integers. In particular, groups
such as SL(n+ 1,Z) for n = 2, 3, 4 contains the fundamental groups of
hyperbolic n-manifolds.
The following lemma of Vinberg [31] will be useful in this section.
Lemma 6.1. Let Pˆ be a compact n-dimensional Coxeter orbifold. Sup-
pose that Γ1 and Γ2 are convex projective reflection groups and that Ω1
and Ω2 are irreducible properly convex open domains that the groups
divide respectively. Then the following statements are equivalent.
(i) Ω1/Γ1 and Ω2/Γ2 are projectively diffeomorphic.
(ii) A Cartan matrix A of Γ1 and a Cartan matrix B of Γ2 are
equivalent. Namely A = DBD−1 for a diagonal matrix D hav-
ing positive diagonal elements.
(iii) The cyclic products of A and the cyclic products of B are iden-
tical.
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Proof. The equivalence of (ii) and (iii) follows from Proposition 16
of [31]. The fact that (i) implies (ii) is from the ambiguity of choices
in equation 1. Since Γ1 and Γ2 divide irreducible properly convex open
domains, the Vey irreducibility theorem (Theorem 5.1 of [6]) implies
that Γ1 and Γ2 are irreducible. Hence, the Cartan matrix is irreducible.
By Corollary 1 of [31] implies the equivalence of (i) and (ii). 
Suppose that Q is a compact hyperbolic orbifold. We recall that ev-
ery finite index subgroup of the fundamental group pi1(Q) has a trivial
center. Let Γ in SL±(n + 1,R) be a group isomorphic to pi1(Q) divid-
ing a properly convex open domain Ω in Sn. Then Corollary 2.13 of
Benoist [4] implies that such a group Γ in SL±(n + 1,R) is strongly
irreducible so that Ω has to be irreducible. By Theorem 1.1 of [2], Ω
moreover has to be strictly convex. Hence for a compact hyperbolic
Coxeter orbifold Pˆ , we can apply Theorem 1.1 to find out whether or
not there exists an irreducible dividing polyhedral projective reflection
group isomorphic to pi1(Pˆ ) that is definable over Z.
Note that 4 cos2(pi
n
) is an integer if and only if n ∈ {2, 3, 4, 6}. By the
condition (L2) of Theorem 3.1 and by Theorem 1.1, a necessary con-
dition that for an irreducible dividing polyhedral projective reflection
group to be definable over Z is that the edge orders are in {2, 3, 4, 6}.
6.2. Orbifolds based on simplices. The (p, q, r)-triangle is defined
to be the triangle with vertices of orders p, q, and r. The corresponding
Coxeter orbifold is said to be a (p, q, r)-triangular Coxeter orbifold. Let
Pˆ be a (p, q, r)-triangular Coxeter orbifold. It is an elementary fact that
Pˆ admits a hyperbolic structure if and only if 1
p
+ 1
q
+ 1
r
is less than 1.
Proposition 6.2. Suppose that 1
p
+ 1
q
+ 1
r
< 1. Let Pˆ be a (p, q, r)-
triangular Coxeter orbifold. The following list shows the number of
conjugacy classes of irreducible dividing polyhedral projective reflection
groups isomorphic to pi1(Pˆ ) in SL±(3,R) that are definable over Z.
triple N triple N triple N
(2, 4, 6) 1 (3, 4, 4) 3 (4, 4, 6) 6
(3, 3, 4) 2 (3, 4, 6) 4 (4, 6, 6) 5
(3, 3, 6) 2 (4, 4, 4) 4 (6, 6, 6) 4
(2, 6, 6) 1 (3, 6, 6) 3
Here N is the number of conjugacy classes of such groups isomorphic
to pi1Pˆ definable over Z.
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Proof. The list includes every (p, q, r), p, q, r ∈ {2, 3, 4, 6} and 1
p
+ 1
q
+
1
r
< 1. Let  2 c12 c13c21 2 c23
c31 c32 2

be the Cartan matrix of the projective reflection group associated with
a triangle orbifold Pˆ indicated in the above list. Suppose that cij sat-
isfies the conditions (L1) and (L2). Then the determinant necessarily
equals
8− 8
(
cos2
pi
p
+ cos2
pi
q
+ cos2
pi
r
)
+ c12c23c31 + c21c13c32
by our conditions (L1) and (L2). We obtain that the last two terms are
≤ 0 by the sign condition and the first two terms give a negative number
in all our cases above. Hence the matrix is of full rank necessarily if
(L1) and (L2) are satisfied for some set of cijs. For every (p, q, r), the
Cartan matrix is irreducible also since there no two 2s.
We give a proof when (p, q, r) = (3, 3, 4). The other cases are com-
pletely analogous. By the condition (L2) of Theorem 3.1, the values of
c12c21, c13c31, and c23c32 are necessarily 1, 1, and 2 respectively. Then
since the product of c12c21, c13c31, and c23c32 are equal to the product of
c12c23c31 and c13c32c21, we can have only two possible different integer
tuples values (1, 1, 2,−1,−2), (1, 1, 2,−2,−1) of simple cyclic products
(c12c21, c13c31, c23c32, c12c23c31, c13c32c21).
Conversely, we certainly find a list of cij giving each of the two col-
lections of numbers. Given such a list of cij, we obtain our properly
convex projective orbifold by Corollary 1 of [31] since the determinant
is negative. Hence we have two conjugacy classes of irreducible divid-
ing polyhedral projective reflection groups isomorphic to Pˆ that are
definable over Z by Lemma 6.1.
We write the matrices in these cases: 2 −1 −1−1 2 −1
−1 −2 2
 ,
 2 −1 −1−1 2 −2
−1 −1 2
 .

Remark 6.3. Let Pˆ be the orbifold based on triangle with orders (3, 3, 4).
The fundamental group has the following Coxeter group presentation,
〈s1, s2, s3|s21 = s22 = s23 = (s1s2)3 = (s2s3)3 = (s3s1)4 = 1〉.
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Theorem 1.1 implies that there are only two conjugacy classes of the
irreducible convex dividing polyhedral projective reflection groups de-
noted by ∆ which satisfy the following properties.
• ∆ is isomorphic to the fundamental group.
• ∆ is definable over Z.
We contrast this with the below. Let P˜ be the double orbifold of Pˆ
with the fundamental group H with the following presentation,
〈s1, s2|s31 = s32 = (s1s2)4 = 1〉.
Long, Reid, and Thistlethwaite [24] showed that there are infinitely
many conjugacy classes of irreducible convex dividing polyhedral pro-
jective groups isomorphic to H definable over Z.
We note that the result was used to proving that SL(3,Z) contains
the fundamental group of orientable closed surface of genus ≥ 2.
Sometimes it is possible to find a 1-parameter family of Cartan ma-
trices such that the set of associated irreducible dividing polyhedral
projective reflection groups contain all which are definable over Z. For
example, let  2 −3/2 −1−2 2 −2t
−2 −1/(2t) 2

be the matrix with t > 0. The determinant equals −6t − 1/t − 4 <
0. Then this 1-parameter family of matrices satisfies the condition
to be Cartan matrices for the (3, 4, 6) triangular irreducible dividing
polyhedral projective reflection groups. This family contains all of four
groups which are definable over Z; these are the cases when t is equal
to 1
6
, 1
3
, 1
2
, and 1. Figures 1 – 4 indicate the images of the convex
domains which the four groups divide. These figures were drawn from
TrianglegroupProj2.nb (see [12]).
Proposition 6.4. Suppose that 1
2
+ 1
q
+ 1
r
< 1. Let Pˆ be a (2, q, r)-
triangular Coxeter orbifold. Then there exists a unique conjugacy class
of irreducible dividing polyhedral projective reflection groups isomorphic
to pi1(Pˆ ) in SL±(3,R) and its smallest ring of definition is Z[4 cos2(piq ), 4 cos
2(pi
r
)].
Proof. First, there exists such an orbifold by constructing a triangle
with angles pi/p, pi/q, pi/r by hyperbolic geometry. Let 2 c12 c13c21 2 c23
c31 c32 2

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Figure 1. t = 1
6
Figure 2. t = 1
3
Figure 3. t = 1
2
Figure 4. t = 1
be the Cartan matrix of such a group which satisfies the equations
c12c21 = 4 cos
2 pi
2
= 0, c13c31 = 4 cos
2 pi
q
and c23c32 = 4 cos2
pi
r
.
Then the tuple of simple cyclic product
(c12c21, c13c31, c23c32, c12c23c31, c13c32c21)
has to be
(0, 4 cos2
(
pi
q
)
, 4 cos2
(pi
r
)
, 0, 0).
This determines the irreducible convex dividing polyhedral projective
reflection group up to conjugation by Lemma 6.1. The group is ab-
solutely irreducible since the Zariski closure over R is determined by
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Theorem 2.1. By Propositions 4.5 and 4.6, Z[4 cos2(pi
q
), 4 cos2(pi
r
)] is its
smallest ring of definition. 
In Section 7.2 of Ratcliffe [28], n-dimensional simplicial Coxeter orb-
ifolds admitting hyperbolic structures are classified; indeed there is no
n-dimensional hyperbolic simplicial orbifold for n > 4.
The n = 2 case is studied in Proposition 6.2. For n = 3, there
are nine simplicial Coxeter orbifolds admitting hyperbolic structures.
Among them, only two tetrahedral Coxeter orbifolds have edge orders
in {2, 3, 4, 6}. The two Coxeter tetrahedrons are described in Figure
5. For n = 4, there are only 5 simplicial Coxeter orbifolds admit-
ting hyperbolic structures . Among them there is only one Coxeter
orbifold having edge orders in {2, 3, 4, 6}. The Coxeter graph of this
4-dimensional simplex is described in Figure 6.
The following two propositions complete the classification of simpli-
cial orbifolds that admit hyperbolic structures whose holonomy groups
of convex real projective structures are definable over Z. (We believe
that Goldman has done this in his unpublished notes near 2000.)
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Figure 5. The compact Coxeter tetrahedron d = 3 or 4
Proposition 6.5. Let Pˆ be one of tetrahedral Coxeter orbifolds de-
scribed in Figure 5. If d = 3, then the number of conjugacy classes of
the irreducible dividing polyhedral projective reflection groups isomor-
phic to pi1(Pˆ ) in SL±(4,R) that are definable over Z is 2. If d = 4, then
the number of conjugacy classes of the irreducible dividing polyhedral
projective reflection groups isomorphic to pi1(Pˆ ) in SL±(4,R) that are
definable over Z is 3.
Proof. Let 
2 c12 c13 c14
c21 2 c23 c24
c31 c32 2 c34
c41 c42 c43 2

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be the Cartan matrix of the projective reflection group. By the condi-
tion (L2) of Theorem 3.1, values of
c12c21, c13c31, c14, c41, c23, c32, c24c42, c34c43
are necessarily
2, 1, 0, 0, 0, 0, 1, and 4 cos2
pi
d
respectively. Now it is easy to check that every simple cyclic product
of length 3 is 0, and only nonzero simple cyclic products of length 4
are
c12c24c43c31 and c13c34c42c21.
Finally since the product of c12c21, c13c31, c24c42 and c34c43 is equal
to the product of c12c24c43c31 and c13c34c42c21, if d = 3, we conclude
that only possible integer tuples of nonzero simple cyclic products
(c12c21, c13c31, c24c42, c34c43, c12c24c43c31, c13c34c42c21)
is one of (2, 1, 1, 1, 2, 1) and (2, 1, 1, 1, 1, 2). The determinant is
−c12c24c43c31 − 3c34c43 < 0.
Clearly, the two possibilities are satisfied for some list cij of integers
and the Cartan matrices are irreducible. We have exactly two differ-
ent equivalence classes of Cartan matrices whose cyclic products are
integers by Corollary 1 of [31] and Lemma 6.1.
If d = 4, we conclude that only possible integer tuples of nonzero
simple cyclic products
(c12c21, c13c31, c24c42, c34c43, c12c24c43c31, c13c34c42c21)
are
(2, 1, 1, 2, 4, 1), (2, 1, 1, 2, 1, 4), and (2, 1, 1, 2, 2, 2).
The corresponding determinants are determined to be negative in these
cases. Each of these are realized by some list {cij} of integers with
irreducible Cartan matrices. We have three different equivalence classes
of Cartan matrices whose cyclic products are integers by Corollary 1
of [31] and Lemma 6.1.

Proposition 6.6. Let Pˆ be the 4-dimensional simplicial Coxeter orb-
ifold whose Coxeter graph is described in Figure 6. Then the number of
conjugacy classes of the irreducible dividing polyhedral projective reflec-
tion groups isomorphic to pi1(Pˆ ) in SL±(5,R) that are definable over Z
is 2.
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Figure 6. Coxeter graph of the 4-dimensional simplex
definable over Z
Proof. Let 
2 c12 c13 c14 c15
c21 2 c23 c24 c25
c31 c32 2 c34 c35
c41 c42 c43 2 c45
c51 c52 c53 c54 2

be the Cartan matrix of the projective reflection group. By the con-
dition (L2) of Theorem 3.1, c12c21, c13c31, c14c41, c15c51, c23c32, c24c42,
c25c52, c34c43, c35c53, and c45c54 are necessarily 1, 0, 0, 1, 1, 0, 0, 2, 0,
and 1 respectively. Now it is easy to check that every simple cyclic
product of length 3 or 4 is 0, and only nonzero simple cyclic products
of length 5 are c12c23c34c45c51 and c15c54c43c32c21.
Finally since the product of c12c21, c13c31, c24c42, c34c43 and c45c54 is
equal to the product of c12c23c34c45c51 and c15c54c43c32c21, we conclude
that only possible integer tuples of nonzero simple cyclic products
(c12c21, c23c32, c34c43, c45c54, c12c23c34c45c51, c15c54c43c32c21)
equals
(1, 1, 1, 2, 1,−1,−2) or (1, 1, 1, 2, 1,−2,−1).
The two possibilities are realizable by some values {cij} forming irre-
ducible Cartan matrices. The corresponding determinants are always 1
necessarily. We have two different equivalence classes of Cartan matri-
ces whose cyclic products are integers by Corollary 1 of [31] and Lemma
6.1. 
Theorem 6.7. Let Pˆ be a compact n-dimensional simplicial Coxeter
orbifold, n ≥ 2, admitting a hyperbolic structure whose Coxeter graph
is not a tree. Let Γ be a reflection holonomy group of a properly convex
projective structure on Pˆ . Suppose that k is a real number field that
is also a field of definition of Γ. Suppose that k 6= Q. Then there
are infinitely many conjugacy classes of irreducible dividing polyhedral
projective reflection groups isomorphic to pi1(Pˆ ) that are definable over
the ring of integers Ok.
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Proof. By the classification of hyperbolic simplicial orbifolds (Figure
7.2.9. of [28]), if the Coxeter graph of a hyperbolic simplex is not a
tree, then it is a polygon with n + 1 vertices denoted by vi1 , . . . , vin+1 .
Since the Coxeter graph is a polygon, there are exactly two nonzero
cyclic products ci1i2ci2i3 ...cinin+1cin+1i1 and ci1in+1cin+1in ...ci2i1 of length
n + 1. Also the Cartan matrix is indecomposable since none of the
factors cikik+1 , cik+1ik , cin+1i1 and ci1in+1 is 0.
We choose ci1i2 to be a negative unit −u in Ok and ci2i1 to be
−4u−1 cos2 pi
di1i2
where di1i2 is the order corresponding to sides labeled
i1 and i2. For other entries, if j < k we choose cijik to be −1, and cikij
to be −4 cos2 pi
dij ik
provided |k − j| < 1, or else they are to be 0. Then
we observe that all the simple cyclic products are elements of Ok. In
particular, we obtain
ci1i2ci2i3 ...cinin+1cin+1i1 = (−1)n+14u cos2
pi
di1in+1
.
Since there are infinitely many units in Ok, the cyclic product can take
infinitely many values by the choice of u.
We can show easily that the determinant of the Cartan matrix has
only nonzero terms equal to ±2n−2cik,ik+1cik+1,ik for k = 1, . . . , n and
the two maximal cyclic terms.
± ci1i2ci2i3 ...cinin+1cin+1i1 = ±4u cos2
pi
dijik
and
± cin+1incinin−1 ...ci2i1ci1in+1 = ±u−1C,C 6= 0.
For infinitely many u, the determinant value of the Cartan matrix is
not 0. By Corollary 1 of [31] and Lemma 6.1, the result follows.

6.3. Cubical orbifolds.
Proposition 6.8. Let Pˆ be the Coxeter orbifold denoted “cu21” in [13]
that is also described in Figure 7. Then there are at least 3 conjugacy
classes of irreducible dividing polyhedral projective reflection holonomy
groups in SL±(4,R) that are definable over Z.
Proof. Gye-Seon Lee has computed that the dimension of infinitesimal
restricted deformation space of convex real projective structures on Pˆ
is 1 (see [23]). This gives a one-parameter family of irreducible dividing
polyhedral projective reflection holonomy groups. We find in [7] that
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Figure 7. cu21
the corresponding Cartan matrices are
2 0 0 − 2
2+
√
5t
− 2
2+
√
5t
−3 +
√
5t
2+2
√
5t
0 2 −1 −√6 0 0
0 −1 2 0 −√6 0
−1− 1
2
√
5t −√6 0 2 0 − 2+
√
5t
2+2
√
5t
−1− 1
2
√
5t 0 −√6 0 2 − 2+
√
5t
2+2
√
5t
−3− 1
2
√
5t 0 0 −2(1+
√
5t)
2+
√
5t
−2(1+
√
5t)
2+
√
5t
2

where t is a real parameter. This is an irreducible Cartan matrix.
We have found that in order for every simple cyclic product to be an
integer, only possible values of t are 0, − 4
5
√
5
and 4√
5
, and these give
3 different integer tuples of simple cyclic products. Hence there are at
least 3 conjugacy classes of irreducible dividing polyhedral projective
reflection groups isomorphic to pi1(Pˆ ) which are definable over Z by
Corollary 1 of [31] and Lemma 6.1. 
Remark 6.9. The following equalities give the integral cartan matrices
that are equivalent to the parameterized Cartan matrix of the cubical
projective reflection group when t is 0, − 4
5
√
5
and 4√
5
by Lemma 6.1.
1 0 0 0 0 0
0 2√
6
0 0 0 0
0 0 2√
6
0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


2 0 0 −1 −1 −3
0 2 −1 −√6 0 0
0 −1 2 0 −√6 0
−1 −√6 0 2 0 −1
−1 0 −√6 0 2 −1
−3 0 0 −1 −1 2

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×

1 0 0 0 0 0
0
√
6
2 0 0 0 0
0 0
√
6
2 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
 =

2 0 0 −1 −1 −3
0 2 −1 −2 0 0
0 −1 2 0 −2 0
−1 −3 0 2 0 −1
−1 0 −3 0 2 −1
−3 0 0 −1 −1 2


1 0 0 0 0 0
0 10
3
√
6
0 0 0 0
0 0 10
3
√
6
0 0 0
0 0 0 53 0 0
0 0 0 0 53 0
0 0 0 0 0 5


2 0 0 −53 −53 −5
0 2 −1 −√6 0 0
0 −1 2 0 −√6 0
−35 −
√
6 0 2 0 −3
−35 0 −
√
6 0 2 −3
−135 0 0 −13 −13 2

×

1 0 0 0 0 0
0 3
√
6
10 0 0 0 0
0 0 3
√
6
10 0 0 0
0 0 0 35 0 0
0 0 0 0 35 0
0 0 0 0 0 15

=

2 0 0 −1 −1 −1
0 2 −1 −2 0 0
0 −1 2 0 −2 0
−1 −3 0 2 0 −1
−1 0 −3 0 2 −1
−13 0 0 −1 −1 2


1 0 0 0 0 0
0 2
3
√
6
0 0 0 0
0 0 2
3
√
6
0 0 0
0 0 0 13 0 0
0 0 0 0 13 0
0 0 0 0 0 15


2 0 0 −13 −13 −135
0 2 −1 −√6 0 0
0 −1 2 0 −√6 0
−3 −√6 0 2 0 −35
−3 0 −√6 0 2 −35
−5 0 0 −53 −53 2

×

1 0 0 0 0 0
0 3
√
6
2 0 0 0 0
0 0 3
√
6
2 0 0 0
0 0 0 3 0 0
0 0 0 0 3 0
0 0 0 0 0 5
 =

2 0 0 −1 −1 −13
0 2 −1 −2 0 0
0 −1 2 0 −2 0
−1 −3 0 2 0 −1
−1 0 −3 0 2 −1
−1 0 0 −1 −1 2

6.4. The prismatic orbifolds of Benoist. So far, all the examples of
irreducible dividing polyhedral projective reflection holonomy groups
we have considered were ones that divide strictly convex domains. Our
final example illustrates that we can apply our main theorem (Theorem
5.4) even when the domain which an irreducible dividing polyhedral
projective reflection holonomy group divides is not strictly convex.
Proposition 6.10. Suppose that d is 3 or 4. Let Pˆ be a triangular
prism with dihedral angles described in Figure 8. Then the number
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of irreducible convex dividing polyhedral projective reflection holonomy
groups in SL±(4,R) which are definable over Z is 0.
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Figure 8. The prism
Proof. This example is from Benoist [5]. Benoist proved that there ex-
ists a family of irreducible dividing polyhedral reflection groups Zariski-
dense in SL±(4,R) whose Cartan matrices are of from
2 −1 −1 0 0
−1 2 −t 0 0
−1 −t−1 2 µ(1−t)
t
0
0 0 1− t 2 −2
0 0 0 −ν 2

where t > 1, µ = 4t
(t−1)2 cos
2(pi
d
), and ν = 2 + 3µ. (See Proposition 4.2
of [5].)
We observe that −t and −t−1 are both the values of two simple cyclic
products. Since it is impossible for both −t and −t−1 to be integers,
Theorem 5.4 implies that there is no dividing polyhedral reflection
group isomorphic to pi1(Pˆ ) which is definable over Z.

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